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ANALYTICAL SOLUTION OF THE NONHOMOGENEOUS
KINETIC EQUATION IN THE PROBLEM OF ISOTHERMAL
SLIP OF A RAREFIED GAS ALONG A SOLID SPHERICAL
SURFACE

V. N. Popov UDC 533.72

An analytical method of solution of a half-space boundary-value problem for the nonhomogeneous kinetic
Boltzmann equation with a collision operator in the form of an elipsoidal-statistic model in the problem of
isothermal dlip of a rarefied-gas flow along a solid spherical surface is presented. Within the framework of
the considered model, a correction to the coefficient of isothermal dip that is due to the wall curvature is ob-
tained. Comparison with literature data is made.

Introduction. The complete system of boundary conditions in the case of flow of a rarefied gas past an ar-
bitrary solid smooth surface has been obtained in [1] by the moments methods with use of the Bhatnagar—Gross—
Krook (BGK) mode of the kinetic Boltzmann equation. Later, for the case of a solid spherical surface, this problem
was solved by the moments methods for both the linearized Boltzmann equation with a collision operator in the
Boltzmann form [2] and the ellipsoidal-statistic (ES) model of the kinetic Boltzmann equation [3, 4]. Using the method
of dementary solutions (Case method [6]) Gaidukov and Popov [5] obtained an exact closed analytical solution for the
coefficient Br which makes it possible to take into account the dependence of the coefficient of therma creep on the
radius of curvature of the solid spherical surface in flow of a rarefied gas. The value of the coefficient Bg found in
[5] by numerical methods is in good agreement with the results obtained earlier in [2, 7, §].

The present work is aimed at calculating the correction Kgl) to the coefficient of isothermal dlip that is due to
the wall curvature by the method [5] based on the ES model of the kinetic Boltzmann equation given. In contrast to
[5], the integrals which enter into the resultant expression are calculated analytically. Account for such a correction is
necessary when the boundary conditions of second order in the Knudsen number (Kn=A/R) are used.

Problem Formulation. Derivation of Basic Equations. Let us consider a solid spherical surface in flow of a
rarefied gas with small deviations from the state of equilibrium. We tie the spherical coordinate system, the polar axis
of which is directed along the mass velocity of the gas at a distance from the surface (see Fig. 1), to the center of
curvature of the surface. Then, by virtue of the axial symmetry of the problem, the tangent of the component of the
mass velocity Ug is nonzero.

Due to the presence of the forces of viscous friction in the gas, the quantity Ug is not constant but slowly
changes along the norma to the surface. Thus, the quantity dUg/0dr is nonzero in the problem. Let Ugls be the ve-
locity of the gas on the surface. Then, at small gradients of mass velocity [6, 9]

UgTs = KgAk, k= (0Ug/an)s.

We describe the gas flow by the linearized Boltzmann equation with a collision operator in the form of the
ES mode [10, 11], which in the spherical coordinate system is written as

¢ Tl X e M 2ecd) T (R etand- Gy - (CyCo 8+ C,Cy)
— = [Co— + — +(C5+ + - - + =
" or Réﬁeae sng ap T (ot Co) e *(Coctan®-CCo) 5o = (CoCoctan 8+ G ¢)6C¢E

=%, 0) Ei +g Y2 [[[K(c.C)f (. C)d’C @— £(r,C). @)

Pomor’'e State University, Arkhangel’sk, Russia; email: popov.vasily@pomorsu.ru. Trandated from Inzhenerno-
Fizicheskii Zhurnal, Vol. 75, No. 3, pp. 107-110, May—June, 2002. Origina article submitted August 7, 2001.

1062-0125/02/7503-0655%$27.00 (12002 Plenum Publishing Corporation 655



Fig. 1. Problem of flow of a rarefied gas along a spherical surface.

Here fO(r, C)= ([5/1'[)3/2 exp (—CZ), B=m/2kgT, r(3uy/2p) B_l/z is the dimensional radius vector, and B_l/ZUi and
B_l/ZCi are the components of the mass-mean velocity of the flow and the intrinsic velocity of gas molecules,
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We take the model of diffusion reflection as the boundary condition on the wall.

Let us linearize f(r, C) relative to the localy equilibrium distribution function written in the Chapman—Enskog
approximation [12]. Expanding the function Y(r, 6, C;), which alows for the deviation of the distribution function in
the Knudsen layer from the distribution function in the gas volume, into a series in the small parameter 1/R

Y(r,6,C)=Y"(6C)+RY? (r,0,C)+.. @
we come to the system of one-dimensional integro-differential equations
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with the boundary conditions

YY (R 6,C)=- 2ceugl)a 2cck. G20, W(w,6,0)=0,

Y2 (R 6,C)=- zceu(ez)a, c,>0, ¥ (»,0,C)=0,

from which we find the form of the first two terms of expansion (2).

Equation (3) describes the processes occurring on the boundary of the solid plane surface and (4) makes it
possible to allow for the effect of the curvature of the phase interface.

We find solutions (3) and (4) in the form

YW ecy=ce’¢,6,c), j=12. ©)
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Let us introduce the notar[lon M =C;. Then, subgtituting expansions (5) into (3) and (4), multiplying the ob-
tained relation by Cgexp (- Ce ¢2 and mtegrarun? with respect to Cg and Cy from —oo to +o, we obtain the equa

tion for determining the function Z (r 6, and Z (r 6, W)
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In writing (8), we took into account that [11]
2
U0 =22y (12)
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The solution of Eq. (6) with boundary conditions (8) and (9) is constructed in [11]:
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Thus, the problem has been reduced to solution of Eq. (7) with boundary conditions (10) and (11).
Account for the Influence of the Surface Curvature on the Coefficient of Isothermal Slip. We find the
solution of (7) in the form
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0

Substituting (13) into (7) and allowing for the fact that
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where
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we come to the characteristic equation
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the general solution of which in the space of generalized functions has the form
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The solution (13) automatically satisfies boundary condition (11) at infinity. Substituting the found form of
the function Y(n, 6, W) into (13) and using boundary condition (10) on the surface, we pass to the singular integral
equation with a Cauchy kernel
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In writing (15), we took into account that [5]
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Here the symbol Qp, is used to dencte the Loyalka integrals [13]:
2 ]ftml exp (- 1) dt
vy X (1)
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Let us introduce the auxiliary function

1 nm(@,6)
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@6) 2TliI n-z "
0
With account for the form of the limiting values of the function M(z 6) on the upper and lower edges of the
cut [0, ) we reduce (14) to the problem of a jump [14]

- - 2, X
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which has a solution vanishing at infinity when the condition [11]
X9) exp (- t2) dt=0. (16)
X(-1)
0
is satisfied.
Substituting (15) into (16) and evauating the integrals which enter into the obtained expression, we obtain
@0 __ 2
Ug k"3

Hence, with account for (2) and (12) we find the velocity of isothermal slip of the rarefied gas aong the solid spheri-
cal surface

- M 1 @o__2 10 17
Ue[l = Us E;;ﬁ 0 &-‘g%gﬁﬁ K ()
Passing in (17) to dimensional quantities and alowing for the fact that for the ES model R1= 3Kn/Vm, we

finally obtain

UGEB: 1.146665 (1 - 1.665627 Kn) Ak,

whence

Ky =1.146665 (1 - 1.665627 Kn) .

We write the coefficient of isothermal dip in the form
Kg=K? @+k{P kn).

Here K&O) is the coefficient of isothermal dip of the rarefied gas along the solid plane surface and K&l) is the coeffi-
cient allowing for the dependence of Kgq on the curvature of the phase interface in the approximation which is linear
with respect to the Knudsen number.

Thus, K =-1.665627.

Conclusions. In the work, we calculated the velocity of dslip of a rarefied gas along a solid spherical surface
from the solution of the linearized Boltzmann equation with a collision operator in the form of the ES mode in the
Knudsen layer in the linear approximation with respect to the Kundsen number. In the limiting case (R — ), the ob-
tained solution becomes the solution of the Kramers problem [6, 11] (problem of determination of the velocity of iso-
thermal dlip of a rarefied gas aong a solid plane surface from the kinetic Boltzmann equation). The found exact value
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of the coefficient Kgl) is in good agreement with the similar result (—1.721) obtained in [4] with the use of approxi-
mate methods.
The results obtained can be used in calculating the rate of thermophoresis of solid spherical aerosol particles.

NOTATION

R, radius of the sphere; S, surface of the sphere; Kn, Knudsen number; A, mean free path of gas particles;
Ug, tangent to the surface of the component of the dimensionless mass velocity written in the spherical coordinate sys-
tem; Ky, coefficient of isothermal dip; k, gradient of the mass velocity on the surface; f(r, C), coordinate- and veloc-
ity-distribution function of gas molecules; fo(r, C), absolute Maxwellian; r, dimensionless radius vector; C,
dimensionless intrinsic velocity of gas molecules; C;, Cq, and Cy, components of the dimensionless intrinsic velocity
of molecules written in the spherical coordinate system; r, modulus of the dimensionless radius vector; 6 and ¢, angu-
lar coordinates of the spherical coordinate system; m, mass of gas particles; [g, dynamic viscosity of the gas; kg,
Boltzmann constant; p, static pressure of the gas; X, distance reckoned along the norma from the sphere surface;
Y(r, 6, Gj), function alowing for the deviation of the distribution function in the Knudsen layer from the distribution
function in the gas volume; W, radial component of the intrinsic velocity of gas molecules; n, spectral parameter of
decomposition; F(n, W), eigenvectors of the continuous spectrum of the Kramers problem; A(Z), Cercignani dispersion
function; Px_l, distribution in terms of the principal value in evaluating the integral of x_l; O(X), Dirac delta function;
a(n, 0), coefficients in the expansion of the solution of the Kramers problem in eigenvectors of the continuous spec-
trum; i, imaginary unit; X(2), canonic function from the Kramers problem; 6(t), single-valued regular branch of the ar-
gument of the function 7\+(T) fixed at zero by the condition 6(0) = 0.
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